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The Wu-Yang ambiguity [1] is the phenomenon that two or more gauge inequivalent non- 
abelian potentials Af(x) generate the same field strength F^Ax). This was widely discussed 
in the literature [2-14] of the 1970's. Although the original example is 3-dimensional, it 
was mainly the 4-dimensional case which was of past interest. Many examples of a discrete 
ambiguity have been exhibited, specifically two potentials A and A giving the same F. The 
few examples of a continuous ambiguity [7-14] were degenerate in some way: for example, 
they were effectively 2-dimensional. 

In this communication we study the Wu-Yang ambiguity of SU(2) gauge field config- 
urations in 3-spatial dimensions, and we obtain several examples of continuous families of 
potentials which generate the same magnetic field 



In 3 dimensions there is no "algebraic obstruction" to an ambiguity. Given two potentials, A 
and A, we find by subtraction of their Bianchi identities that their difference AA = A — A 
satisfies 



which is an underdetermined linear system — 3 equations for 9 unknowns — for any In- 
field configuration. In four dimensions one gets a "square" homogeneous linear system - 
12 equations for 12 unknowns — which has a non-trivial solution only if the field strength 
satisfies an algebraic condition corresponding to vanishing determinant [5,6,8]. In any case, 
(2) is not sufficient to demonstrate that (1), viewed as a partial differential equation for A b - 
given B ai , has multiple solutions, and it is this which we wish to explore here, largely by 
means of examples. 

The 3-dimensional case is relevant for the Hamiltonian form of gauge field dynamics in 
3 + 1 dimensions and especially for attempts [15], [16] to transform from A" to B ai as the 
basic field variables. In fact the work here emerged from further study of the recent proposal 
[16] to do this as an intermediate step to replace the A, B system by a set of gauge-invariant 
spatial geometric variables, namely a metric Gij and connection r^- with torsion. It turns out 
that the information we find on the Wu-Yang ambiguity invalidates the form of Hamiltonian 
dynamics proposed in [16]. But the geometry described there is valid, and it is through the 
geometrical equations that our Wu-Yang information is obtained. See [17] for an earlier and 
similar geometrical treatment of the equations of motion of 2+1 dimensional SU(2) Yang-Mills 
theory. 

1. We begin with our first example. Consider the smooth, algebraically non-singular 
(i.e. det B ^ 0) magnetic field B a% = 5 ai , in Euclidean space with Cartesian coordinates 
x,y,z. It is easy to show explicitly that, for any real parameter (3 with \(3\ > 1, the 1- 
parameter family of potentials 



B at = 



e ljk djA a k + -e abc A)A c k 



(1) 



e ijk e abc B ki AA c = q 



(2) 




(3) 
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all reproduce the same B ai . Gauge inequivalence is demonstrated by the fact that the invari- 
ants B a ^DiB ak depend on f3 and z. 

a. Note the "nonlinear wave" character of these potentials — the amplitude and wavelength 
of the trigonometric terms are correlated. 

b. The particular magnetic field B ai = 5 ai is invariant under rotations and translations 
of the configuration space IR 3 (the spatial rotations must be combined with a suitably 
chosen SO(3) gauge transformation, constant in this case, as is well known). Since eq. (1) 
is also covariant, each such isometry which does not leave Af invariant produces another 
Wu-Yang related potential. In this way one can extend the potentials displayed in (3) to 
a 4-parameter family, in which the wave has an arbitrary phase, z — > z — z$ and direction 
(0,0,l)-fe. 

c. Brown and Weisberger [11] are often credited with the proof that a uniform non-abelian 
field strength such as our B ai also requires a uniform vector potential, so there is an 
apparent conflict with the decidedly non-uniform potentials displayed in (3). However 
Brown and Weisberger define a uniform field by the strong requirement that all gauge 
invariant quantities, e.g. B ai DjB ak , are constant, so there is no conflict with their work. 

d. Equation (1) is covariant under diffeomorphisms y a (x t ) of IR 3 — » IR 3 under which A and 
B transform as follows: 

=w° A > (x) (4) 

Thus examples of the Wu-Yang ambiguity automatically extend to entire orbits of the 
diffeomorphism group. The magnetic energy 

E = ^J d 3 x8 ij B ai (x)B aj (x) (5) 

involves the fixed Cartesian metric Sij, and is not invariant under diffeomorphisms. Below 
we will show that one can find a diffeomorphism under which the field B a% = 5 ai which 
has infinite energy, transforms to a configuration B' aa (y) which falls sufficiently fast as 
y a — > oo that it has finite energy. 

2. Let us now review the spatial geometry of [16] which is the main tool used in this 
work. Let B a i(x) denote the matrix inverse of the magnetic field of SU(2) gauge theory, 
and det-B = det B a \ which is gauge invariant. Then Gij(x) = B a i (x)B a j(x)/ det B is a 
gauge invariant symmetric tensor (under diffeomorphisms)*. The following geometry, which 
obviously uses the fact that the gauge group SU(2) is also the tangent space group of a 3- 
manifold, emerged from the physical aim of studying the action of the electric field on gauge 
invariant state functionals ip[G]. 

* One sees that Gij is a positive definite (negative definite) tensor, when det B > (det B < 
0) We discuss the positive case here because only that is used below. See [16] for a complete 
treatment. 
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The quantity bf = | det B\ 2 Bf is essentially a frame for Gij. One may apply a Yang-Mills 
covariant derivative and define a quantity rf - as follows: 

D t b a 3 = r* 6g. (6) 

It then follows immediately that r*- transforms as a connection under diffeomorphisms and 
that it is well defined in terms of Af and B ai for all non-singular magnetic fields, det B^O. 
If we multiply (6) by b k and symmetrize in j, k, we easily derive 

diGjk - T^Gik - F ik Gji = . (7) 

This means that T is a metric compatible connection for G, and can be written as 

r* j = r f ° j (G)-K ij k (8) 

where Y is the Christoffel connection and K is the contortion tensor, which is antisymmetric 
in the last pair of indices, Kij k = —K ik j. 

Next one studies the anti-symmetrized Yang-Mills derivative of (6) 

[A, DM = bfd^ + T l jk dM -(<<-> j) (9) 

One uses (6) again to find that the curvature tensor of Y appears. On the left one uses the 
gauge field Ricci identity and a standard formula for the inverse of a 3 x 3 matrix. The result 
is 

Rkij = SjGik - $\Gjk , (10) 

the statement that the spatial geometry associated with the gauge fields A, B is maximally 
symmetric. However, in 3 dimensions, with or without torsion, the Rieman tensor R ki j is fully 
determined by its Ricci contraction R k j = SjR ki j, so that no information is lost by restricting 
consideration to the contracted form of (8) , namely 

R ij (T) = -2G ij (11) 

which defines an Einstein geometry with torsion. One may show [16] using the second Bianchi 
identity of curvatures with torsion, that an integrability condition for (11) is that the contor- 
tion tensor is traceless, K k j h = 0, and that this is also a direct requirement of the gauge field 
Bianchi identity, DiB ai = 0, applied to the definition (6) of V. 

The discussion above defines the forward map from Yang-Mills fields A and B, always 
related by (1), to geometric variables G and Y defined by explicit local formulas above. The 
gauge field Ricci and Bianchi identities then imply that G and Y are related by the Einstein 
condition (11) with traceless contortion. The fundamental reason for the Einstein geometry 
is that the magnetic field is simultaneously the curvature (1) of the gauge connection A and 
also essentially the frame of the spatial geometry. 
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One may also ask about the inverse map from tensor GiAx) and connection T\Ax) on 
IR to gauge fields. Suppose that a frame bf, with det& > 0, is constructed for Gij by any 
standard method, then (6) can be written out as 

dtf - V^bl + t ahc A h Jf 3 = . (12) 

This is just the "dreibein postulate" with A essentially the spin connection, and one can solve 
for A, obtaining [16] 

A? = -\e abc b b ^{d i b c j -T%bl) (13) 
while the magnetic field is defined from the inverse frame by 

B ai {x) = \det G jk \h a \ (14) 

Thus given a frame one obtains the magnetic field from (14), while both b and V are required 
to define the potential via (13). Since the frame is unique up to a local SO (3) rotation, these 
maps define A and B uniquely up to an SU (2) gauge transformation. Furthermore, A and B 
defined in this way satisfy the gauge theory relation (1) if V and G satisfy (11). 

Thus the gauge theory Wu-Yang ambiguity will appear whenever the Einstein equation 
(11) viewed as a partial differential equation for K, given G, has multiple solutions. To 
investigate this it is useful to use the representation [16] 

K l ]k = e ^ m | det ^|i/2 ( 15) 

which automatically satisfies the antisymmetry and tracelessness requirements if S m is a 
symmetric tensor. When (11) is expanded out using (8) and (15), one finds that the Einstein 
equation is equivalent to 



e jki 



detGI 1 ^ 



V k S li -(siS*-S k k Sl)=R j i +28i (16) 



In (16) Vfc indicates a spatial covariant derivative with Christoffel connection t and Rij is the 
conventional symmetric Ricci tensor. The eVS term is non-symmetric, so that (16) comprises 
9 equations for the 6 components of Sij. However it was shown explicitly in [16] that there 
is a Bianchi identity which imposes 3 constraints on the 9 equations, so there is no reason to 
think that (16) is an overdetermined system. From (8), (13) and (15), A can be expressed in 
terms of S as 

A a = _ 1 abc b bjTj . b c _ b ak Sk ._ 
Z J 

Our approach to the Wu-Yang ambiguity is to take an input metric Gij(x) and study 
the solutions of (16) for the torsion Sij(x). It is not clear why this should be a simpler 
method than to study directly whether (1) has multiple solutions for A, given B. Perhaps it 
is because an equation for the 6 components of Sij is simpler to handle than an equation for 
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the 9 components of A%, but it may just be an historical accident that has led us to approach 
the Wu-Yang ambiguity via the spatial geometry of [16]. 

Before beginning to study applications of (16), it is perhaps useful to note that (6) 
indicates that V is completely determined by first covariant derivatives DiB a i of the magnetic 
field. It then follows from properties of the inverse map discussed above that there is no Wu- 
Yang ambiguity for the potential Af, if we require that both B and DB are preserved**. In 4 
dimensional SU(2) gauge theory [2,3], the field strength and its first two covariant derivatives 
determine the potential locally uniquely. 

The Wu-Yang ambiguity indicates that the potential Af(x) contains gauge invariant 
information beyond that in the magnetic field B m (x). Therefore the change of field variable 
Af — > B a% which was the basis of the version of gauge invariant Hamiltonian dynamics 
presented in [16] is invalid. The discrete 2:1 ambiguity envisaged there could be handled, 
but it is probably impossible to deal with a continuous ambiguity without serious revision 
of the proposal. In the 2+1 Lagrangian theory the equation of motion D^F^ = provides 
additional information, presumably enough to fix the Wu-Yang ambiguity, which then should 
not be a difficulty for [17]. 

3. It is the tensor Gij(x) = 8^ that corresponds to the magnetic field B ai = 5 ai , and 
it can be seen without difficulties that the torsion solutions of (14) are related in this simple 
case to the potentials of (3) by Af(z) = —S ai (z). Note that at (3 = 1, the solution (3) 
reduces to Sij = 5^, and was already noted in [16]. We found the family of solutions (3) by 
first linearizing about Sij = Sij and using Fourier analysis to find linearized modes of wave 
number k 2 = 1. This led us to investigate the single variable ansatz Sij(z) which reduces 
(16) to a non linear system of ordinary differential equations. Some fiddling then led to (3), 
which is unique within this ansatz (except for translation z — > z — zq). One can show that the 
only spherically symmetric solutions of (16) for input Gij = 6^ are the solutions = ±5ij 
recognized in [16]. There is a heuristic argument that the potentials displayed in (3) together 
with those obtained from them by translation and rotation are the only potentials for the 
field B ai = 5 ai which continuously limit to potentials Af = 5f with (3 = 1 in (3). The reason 
is that one can show using the Fourier transform that the set of linear perturbations about 
Af obtained in the (3 — > 1 limit of our Wu-Yang family are complete. 

We now discuss the use of diffeomorphisms in relation to the energy of field configurations 
exhibiting the Wu-Yang ambiguity. We proceed in several steps, 
a. Given an initial configuration B ai (x) in Cartesian coordinates x m on IR 3 , we transform 

to spherical coordinates y % = (r,6,(p). Both the spacetime metric 6^ and the magnetic 

field B ai (x) transform to 



B 



at 



dx m dx n . 
c 

dx dy l 



mm 



B am (x), 



(18) 



dy dx m 



** Actually it is sufficient to require that D^b^ is preserved, because this determines the 
torsion tensor from (6). 
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and the energy (5) can be rewritten as 

E=\j d 3 y-^= 9ij {y)B' ai B^ = \ J d s y-^= 9ij (y)G^ (y)detG' . (19) 

For the specific case of spherical coordinates and field B ai = 5 ai this is equal to the divergent 
expression 

E= - I drdOd^r 2 sin 0, (20) 



which could have been obtained by naive change of variables in (5). 
b. We now make the diffeomorphism y % — > z % of the vector potential and the magnetic field 
by changing the radial coordinate 



z 1 


= R(r), 


z 2 


= e = y\ 






z 3 


= v = y 3 , 


B ai 


dy dz % 


dz dy m 




dz l dz j 


Qij 




Q y m Q y n 



(21) 



G' mn (y). 

In the specific case B ai = 5 ai , G' mn is the standard diagonal inverse metric for (r, 9, ip), 
and G^ is also diagonal and given by 



qRR _ 



G 90 = ^ 



1 



(22) 



r 2 sin 2 9 ' 

c. The coordinates z a = (R, 9, (p) are new spherical coordinates on IR S , so the energy of the 
B ai (z) field configuration is 

E = \ [ d 3 y^L=9v(z)&\z)detG(z), (23) 

with gij the standard metric for (R, 9, (p). For the example B a% = S a \ one can use (18-23) 
and obtain 

E = ij dRMdv ^i(i + ^y (24) 

The constraints that B at (z) is a finite energy field configuration on IR 3 are that R(r) map 
(0, oo) — > (0, oo) monotonically such that r 4 /R 2 falls faster than 1/R and no other singu- 
larities appear. It is not difficult to show that R = r\J\ + r 8 satisfies these requirements. 
It is certainly not unique. 
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4. The next set of Wu-Yang examples we discuss emerge from the 3-dimensional hyper- 
bolic metrics 

ds 2 = -L ( dx 2 + dy 2 + dz 2 ) (25) 

for which Rij = —2c 2 Gij. One may anticipate that the case c 2 = 1 is especially simple 
because the right side of (16) vanishes. It turns out that one can also make the eVS and SS 
terms vanish separately. There is no integrability constraint when Vj is applied to the former 
condition, while the second condition implies that S^ is a rank 1 dyadic matrix. With this 
structure in view one can easily find that within the two variable ansatz Sij(z, x), there is the 
family of solutions 

Sij(z,x) = S il S jl -h(x) (26) 

which involves an arbitrary function of the variable x. The solution can be rotated by an 
angle 9 in the x, y plane to obtain 

Sij = -h(xcos9 + y sin 9)ViVj, 

z (27) 

V l = (cos 9, sin 0,0)- 

We have not studied the application of the full SO (2,1) x SO (2,1) isometry group of the 
metric (25), but more solutions seem likely. In this frame the magnetic field is given simply 
by B a% = 5 ai i ' z 2 while the gauge potential corresponding to (26) is obtained from equation 
(17): 

A\ = -h(x), A\ = -A\ = 1/z, (28) 

with the rest of the components vanishing. In this frame, however, the magnetic field B ai is 
singular on the plane z = 0, so we transform our configuration to a frame in which both the 
magnetic field and gauge potential are manifestly regular over all of IE? . Transforming to the 
coordinates 

1 4x 



u = 



x 2 + y 2 + (z + l) 2 ' 

4y 



u = 



u 



2 ' 



2(x 2 + y 2 + z 2 -1) 



x 2 + y 2 + (z + 1) 

3 



(29) 



x 2 +y 2 + (z + l) 2 ' 
the metric can be re-written in the form 

ds 2 = (1 _ ? L 2/4)2 ((du 1 ) 2 + (du 2 ) 2 + (du s ) 2 ) , (30) 

where r 2 = (u 1 ) 2 + (u 2 ) 2 + (u 3 ) 2 < 4, which is another standard metric on a 3-hyperboloid 
and can be analytically continued to a metric on a 3-sphere. The inverse transformation is 
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then given by 

x 



u 1 



(wV2) 2 + (« 2 /2) 2 + (w 3 /2-l) 



2 ' 



u 2 

V = (u 1 /2Y + (u 2 /2) 2 + (w 3 /2 - I) 2 ' (31) 

= l-((u 1 /2) 2 + (u 2 /2) 2 + (u 3 /2) 2 ) 
Z ~ (wV2) 2 + (« 2 /2) 2 + (w 3 /2-l) 2 ' 
We make a further transformation to the coordinates 

v * = u */(i _ r 2 /4) (32) 
so that the entire IR 3 is covered. The inverse transformation is given by 

«' = Mi^. (33) 

so that the metric can be written in the form 

dv 2 1 
ds 2 = 7 + cfe 2 dfi 2 = cfcW - ( xWdvWdv 3 . (34) 

From the last form, one can define a frame and use (14) to obtain the following regular 
configuration for the B— field: 

gai / 1 \ i 

S aJ = , + 1 - - ^-4-, (35) 

in which v l are regarded as Cartesian coordinates. A dyadic solution for S in the (xyz) frame 
then transforms to a dyadic solution in the (v 1 v 2 v 3 ) frame according to 

S' ij (v k ) = S mn ( X n^-2j. (36) 
In particular, the solution Su(x,z) = h(x)/z transforms into 

= ^EyM^WoVy), (37) 

where V(j) = dx/dv l and where x(w A: ) and z(v fc ) are easily given from (31) and (33). Using 
equation (17) we compute the corresponding set of potentials Af in the i> fc -frame all of which 
yield the magnetic field of (35): 



A t = - £ - I ^±^1 + -S L - 3g±g_! ] C .^ SL . (38) 



When c 2 7^ 1 the full nonlinear equations are very difficult to handle, so we restrict 
ourselves to a perturbative expansion about the symmetric solution Sij = \J\ — c 2 Gij of (16) 
by setting Sij = Sij + S^-. The perturbation satisfies the linear equation 

{czy kl V k t u + ^l-c 2 {t 3l + ± kk Sji) = 0. (39) 

(the placement of the j index reflects the removal of the conformal factor.) The 9 equations 
for the 6 components of £ cannot all be independent, and the fact that we find a consistent 
solution below is a practical test of the exact Bianchi identity [16] satisfied by (16). Note that 
the ij contraction of (39) immediately tells us that the trace T^kk = 0. 

Because of the ^-translation symmetry of the metric (25) we look for a solution of the 
form T>ij(z, x) = T>ij(z, k)e lhx . The 9 equations of (39) can be manipulated to obtain a second 
order differential equation for the component £23 

while the other components are related to £23 by 

—ike 

„ c d 

VI - c 2 dz 

y - l ( d ( 41 ) 

—ic d 2 

En = kVT^W z dz^ E23 ' 
S22 = —(En + £33). 

Note that (40) is the differential equation for Bessel functions of imaginary argument ikz and 
index p = a/ (c 2 — l)/c 2 which is also imaginary when c 2 < 1 and the symmetric torsion S^ 
is real. 

Note that the wave number k of the linear perturbation is not restricted in contradis- 
tinction to the flat metric where, as can be seen from the small amplitude limit (3 — > 1 in (3), 
the wave number k = 1 is required. This means that the general real superposition 



dkip(k)Eij(kz)e lkx + c.c. (42) 

is also a solution, so we have the freedom of an arbitrary function at the linear level. We 
expect that (42) can be used as the "input" to the system of differential equations determining 
second and higher order perturbative solutions of (16), and that the functional freedom of (p(k) 
remains. Thus the qualitative picture of the torsion solutions for the hyperbolic metrics for 
all values of c is that they contain an arbitrary function of a single variable and the additional 
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parametric freedom obtained from isometries. The case c = 1 is special only beause exact 
solutions can be easily obtained. 

5. The final set of Wu-Yang ambiguities we discuss arise from the 2 + 1 product metrics 
of the form 

ds 2 = F(x,y)(dx 2 + dy 2 ) + dz 2 , (43) 

and for which Rij = —5ijV 2 InF and Ris = R33 = for i,j = 1, 2. Then provided F satisfies 
the differential equation 



V 2 lnF = c 2 F + ^ r , (44) 
F 

where c 2 < 1 and m > 0, a solution for Sij is given by 

(3F ± mcos(z/(3) ±msin(z/(3) \ 
Sij = \ ±msin(z/(3) ' (3F + mcos(z/(3), (45) 
1/(3 J 

where (3 = \[\ — c 2 . For m/0, this solution represents a continuous 1-parameter family of 
Wu-Yang ambiguities obtained by translations in z. 

For m = the metric (43) reduces to the constant curvature case, the wave disappears, 
and the torsion becomes 

S n = S22 = PF, S33 = 1/(3. (46) 
The manifestly symmetric form of the product metric is 

ds 2 = ^(dx 2 + dy 2 )+dz 2 , (47) 

and we now study the perturbative expansion about the symmetric of (46) by setting 
Sij = Sij + Ey. Because of the ^-translation symmetry of the metric (47) we look for a 
solution of the form t^ij(y, z) = Ay, k)e tkz . The 9 equations in the linearized approximation 
can be manipulated to obtain a second order differential equation for the component £33 

dy 2 ydy y 2 J 

where a((3, k) = 2(3 2 ((3 2 — k 2 )/(l — (3 4 ) while the other components are simply related to 
£23- The solution of (48) is given simply by the power behaviour £ 23 = Ay 1 , where A 
is an arbitrary constant and t = —1/2 ± y/l/4 — a((3, k). For T,ij(y,x) = E^'-(y, k)e lkx , 
Y?lj is simply expressed in terms of Bessel functions of imaginary argument iky and index 
m = a/1/4 — 2f3 2 / (1 — /3 4 ), which is either real or imaginary depending on the value of (3. 

Again the wave number k of the linear perturbation is not restricted and we expect that 
this functional freedom persists in higher order perturbative solutions. 

6. What we have exhibited in this paper are several examples of a continuous Wu- 
Yang ambiguity for SU(2) gauge fields in 3 dimensions and a new technique, namely the 
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Einstein space condition (14) for obtaining such field configurations. It is intriguing to ask 
about the systematics of the ambiguity; namely what properties of the S-field determine the 
degree of ambiguity in the associated potentials A. Our examples provide at least a limited 
view of this systematics. Certainly an ambiguity is generated whenever there is a symmetry 
transformation of B which acts nontrivially on A, but this is not enough to explain the free 
parameter (3 in (3), nor the arbitrary functions such as F(x) in the example (26-38) or in 
the various linear solutions we have presented. Gauge field topology does not seem to be the 
issue here for two reasons. First of all the ambiguity can be exhibited in any compact subset 
of the configuration space IR 3 . Second, if we are given in some gauge a Wu-Yang family 
with suitable behavior at spatial infinity one can apply a gauge transformation to change 
the topological class at will. Of course one does expect that, except for singularities of the 
map (1), the degree of ambiguity in A will not change as the parameters of B are smoothly 
varied. Our examples appear to be consistent with this requirement, although the discrete 
ambiguity found when = must be understood as a singular limit of the case of non-zero 
curvature. It is interesting that the Riemannian curvature Rij of the metric Gij obtained 
from B plays a role both in the ease of obtaining solutions for A and in the qualitative nature 
of the ambiguity. 
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